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Abstract

For local and average kernel based estimators, smoothness conditions ensure that
the kernel order determines the rate at which the bias of the estimator goes to zero
and thus allows the econometrician to control the rate of convergence. In practice,
even with smoothness the estimation errors may be substantial and sensitive to
the choice of the bandwidth and kernel. For distributions that do not have sufficient
smoothness asymptotic theory may importantly differ from standard; for example,
there may be no bandwidth for which average estimators attain root-n consistency.
We demonstrate that non-convex combinations of estimators computed for
different kernel/bandwidth pairs can reduce the trace of asymptotic mean square
error relative even to the optimal kernel/bandwidth pair. Our combined estimator
builds on these results. To construct it we provide new general estimators for
degree of smoothness, optimal rate and for the biases and covariances of
estimators. We show that a bootstrap estimator is consistent for the variance of
local estimators but exhibits a large bias for the average estimators; a suitable
adjustment is provided.

Keywords: Nonparametric estimation, kernel based estimator, combined stimator,
variance bootstrap.

JEL Classification: C14.

© The authors. All rights reserved. Short sections of text, not to exceed two paragraphs,
may be quoted without explicit permission provided that full credit, including © notice, is
given to the source.



ADAPTING KERNEL ESTIMATION TO UNCERTAIN SMOOTHNESS p. 2

1. INTRODUCTION

Kernel estimation is a widely used method of nonparametric estimation that is becoming
more prevalent in empirical research, in part because of software applications in statistical
packages such as Stata, R, and XploRE. It is used to estimate density functions, conditional
means, variances and covariances, as well as higher order moments and their derivatives.
Important functionals are averages of these functions, e.g., the average derivative of the
conditional mean used in semiparametric estimation of single index models (Powell, Stock
and Stoker, 1989). Subject to suitable smoothness conditions, this averaging permits a
parametric convergence rate, despite nonparametric kernel estimators typically exhibiting
a slower rate of convergence.

The applications of kernel estimation in the empirical literature are varied: (un)condi
tional variance and covariance kernel estimates are, e.g., used for estimation of volatilities
and correlation in finance (Hafner and Linton, 2010 and Long, Su and Ullah, 2011) and
testing for affiliation in auction models (Jun, Pinkse and Wan, 2010); kernel estimation of
the conditional mean is used in the analysis of the effect of governance on growth (Huynh
and Jacho-Chavez, 2009), trade costs (Henderson and Millimet, 2008), Engel curves (Blun-
dell and Duncan, 1998), and estimation of distributional policy effects (Rothe, 2010 and
DiNardo and Tobias, 2001); average derivative estimation is used to assess nonlinear pricing
in labour markets (Coppejans and Sieg, 2005) and for consumer demand analysis (Hérdle,
Hildenbrand and Jerison, 1991 and Blundell, Duncan and Pendakur, 1998); a recent appli-
cation in kernel density estimation is in the analysis of bank loan recovery rates in Italy
(Calabrese and Zenga, 2010).

Implementation of kernel estimation methods requires the researcher to select a kernel
function K (-) and bandwidth parameter h. These choices typically are based on asymptotic
results for these estimators that rely on smoothness assumptions. E.g., the rule-of thumb
plug-in method of bandwidth selection offered for univariate density estimation in Silverman
(1986) assumes that the density has at least two continuous derivatives and specifies the

use of a second order kernel. However, with enough smoothness, improvements in efficiency
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can be obtained by using higher order kernels (see, e.g., Pagan and Ullah, PU, 1999 for
discussion), and the optimal bandwidth that balances the squared bias and variance needs
to be adapted to this degree of density smoothness. The use of higher order kernels and
smoothness requirements are instrumental in allowing claims of a parametric rate over a
range of bandwidth choices for average kernel based estimators; again, optimal bandwidth
and kernel choices are dependent on the assumed smoothness. For the average density
weighted derivative estimator (ADE) of Powell, Stock and Stoker (PSS, 1998), the density
of the k covariates is assumed to possess at least (k + 6)/2 continuous derivatives and a
kernel of order (k + 4)/2 is needed; the (direct) average derivatives estimator of Stoker
(1991) necessitates smoothness assumptions both on the density and conditional moment
E(y|X) (specifically, the existence of at least k + 2 continuous derivatives) in conjunction
with the use of a kernel of order k + 2.

The main theoretical purpose of the various smoothness conditions in the literature is
to ensure that the kernel order determines the rate at which the bias of the estimator goes
to zero (and thus to control this rate via the choice of kernel). Although the theoretical
results that utilize the smoothness assumptions (including the selection of optimal kernel
and bandwidth, e.g., Powell and Stoker, 1996) provide the appropriate asymptotics, finite
sample behaviour of the estimators even when these assumptions are satisfied still exhibits
significant variability depending on the actual underlying distributions and may be very
sensitive to the bandwidth choice and the choice of kernel; these results are documented in
many papers, including, e.g., Hansen (2005).

Our simulations confirm these results. The better performing bandwidths (oversmoothed
or undersmoothed) and kernels (second or higher order kernel) differ depending on the un-
derlying distribution. Moreover, this dependence (in finite samples) is not restricted to the
theoretical smoothness properties and may be affected by much subtler properties of the
underlying distribution (e.g., magnitude of derivatives). Frequently encountered functions
and distributions, such as mixtures of normals, while satisfying the smoothness assump-
tions often exhibit very high values of derivatives that are more reminiscent of lack of

smoothness (see, e.g., Marron and Wand, 1992). Specifically, the simulations reveal that
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the root mean squared error (RMSE), for the ADE with distribution of the regressors that
satisfy all smoothness assumptions can be as much as 4 to 10 times that obtained under
the Gaussian density (see Table 1 in Schafgans and Zinde-Walsh, SZW, 2010)." The root
mean integrated error for the univariate kernel density estimation of a mixture of normal
distribution was 3 to 4 times that obtained under a Gaussian density; this observed error
discrepancy for the mixture of normal density estimate was comparable to that observed
for a non-smooth density (see Table 1 in Kotlyarova and Zinde-Walsh, KZW, 2007).

Clearly, estimators that adapt to unknown smoothness are warranted. The literature
does provide some solutions to the bandwidth and kernel selection that explicitly takes
account of uncertainty about the underlying smoothness. In an early paper Woodroofe,
1970 proposed to estimate the smoothness of a density function; his approach was not given
much prominence in the research that followed where sufficient smoothness was instead
assumed. SZW, 2010 recently successfully implemented his approach in the context of
ADE. The advantage is that the selection of the tuning parameter reflects the estimated
smoothness in an adaptive way, thereby enabling to approach the optimal rate in various
cases. KZW, 2006 proposed a combined estimator that was adaptive to the unknown
smoothness and that could achieve asymptotically the best available (a priori unknown)
rate. SZW, 2010 make an argument (in the ADE case) that a combined estimator with
appropriate selection of tuning parameters can outperform the estimator with optimal
bandwidth not only in case of insufficient smoothness (as in KZW, 2006) but with sufficient
smoothness as well.

In this paper we pursue further the agenda of robustifying nonparametric estimators
against lack of smoothness by estimating consistently the optimal rate under unknown

smoothness (extending the result of Woodroofe, 1970 and SZW, 2010 to the general case)

'For the ADE with underlying Gaussian density in the two regressors, denoted (s,s), the RMSE using the
better performing fourth order kernel varied from from 0.08 to 0.15 for the range of bandwidths considered;
for a similar selection of bandwidths the ADE with underlying mixture of normal densities provided RMSE
ranges such as 0.43-0.53 in the (s,m) setting using the better performing fourth order kernel and 0.76-1.49 in

the (s,d) setting using the better performing second order kernel (here d and m refer to different mixtures).
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and combining estimators with different kernels and bandwidths to reduce sensitivity. The
results are applied to two classes of estimators: to local kernel based estimators such as
univariate and multivariate density, density derivatives, and (weighted) conditional moment
and (weighted) derivatives of conditional moment estimators, and to average kernel based
estimators such as average density, average (weighted) conditional moments, and average
((density)-weighted) derivative of conditional moment estimators. A non-exaustive list of
estimators considered here is presented in Table A.1 in the Appendix. In Table A2, various
relevant results are summarized; they clarify that optimal rates are determined by the kernel
order only when there is sufficient smoothness of functions that drive the bias expansion;
in the absence of sufficient smoothness the term with the parametric rate of convergence
for average kernel based estimators may be dominated by terms depending on the kernel
and bandwidth.? It should be noted that our framework is not limited to these estimators
but incorporates other estimators such as the average outer product of the gradient and
average hessian estimator considered in Samarov (1993) and Donkers and Schafgans (2008).
A similar analysis applies to some extremum estimators such as the smoothed maximum
score where a combined estimator was examined in KZW, 2010; other estimators such as
conditional quantiles could also be studied within the same approach.

The performance of estimators with different tuning parameters and possibly based on
different kernels is evaluated by means of the tr AM S E; this refers to the trace of the leading
term in the asymptotic expansion of MSE, or if the leading term is parametric we consider
that term and the next expansion term that depends on the bandwidth. We show that
even with knowledge of the optimal bandwidth there always exists a linear combination
of estimators that has a smaller tr AMSE than that of the optimal estimator. This result
exploits the fact that the distribution of an oversmoothed estimator is dominated by bias,
and that (like for a jackknife) one can find weights that will give a zero leading bias term

in the linear combination while reducing the variance. This result was presented in SZW,

2 As Dalalyan et al. (2006) document, even when there is sufficient smoothness for parametric rates the
choice of bandwidth and kernel affects second-order terms in MSE which are often not much smaller than

first-order terms.
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2010 for ADE; here we give a general (and corrected) version.

We illustrate the proposed approach by summarizing some simulation results that show
the advantages of using the combined estimator, especially in situations where the estima-
tion errors are large relative to the magnitude of the value being estimated.

Section 2 introduces notation and the assumptions underlying the classes of estimators.
Section 3 examines the estimation of the smoothness via rate of the bias; this provides an
estimated optimal bandwidth rate. Section 4 demonstrates the existence of linear combi-
nations of kernel estimators with different bandwidths that can provide a smaller tr AMSE
than with the optimal bandwidth by automatically removing the asymptotic bias and
possibly reducing the asymptotic variance. Implementation of the "combined estimator"
requires estimation of biases and covariances and is considered in section 5. Section 6
summarizes obtained simulation results for various estimators and demonstrates that the
combined estimator offers significant advantages when insufficient smoothness results in

very large relative errors.

2. NOTATION AND CLASSES OF ESTIMATORS
We assume that the data represent an i.i.d. sample of observations that could be given by
z; € R* or (y;,27)T where y; € R is the dependent variable (y could be discrete, e.g. a
binary variable) and z; € R* continuous explanatory variables.?

The two types of estimators we consider, local kernel based estimators and average
kernel based estimators, involve the choice of a kernel K and bandwidth h such that h — 0
and N — oo and are generically denoted as 0y (K, h). The function, value of the function at
a particular point (e.g. density), or a parameter vector that is being estimated is denoted
d9, a notation also used in SZW, 2010. In Table A.1 in the Appendix relevant expressions

of dx (K, h) for each estimator are given.

3In some cases one can consider discrete regressors for which special kernels have been developed, e.g.,
see Racine and Li (2007). Hirdle and Horowitz (1996) consider the ADE estimator in the presence
of discrete regressors; they provide a separate noniterative estimator for the parameters of the discrete

regressors.
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The kernel function K : R¥ — R is defined to have the order v(K) and satisfies standard
assumptions, e.g., PU, 1999. The kernel does not need to be symmetric; as argued in
KZW, 2007, asymmetric functions may pick up some irregularities that will be discarded
by symmetric smoothing functions (see also Abadir and Lawford, 2004).

The papers KZW, 2007 and SZW, 2010 have examined the behaviour of some of these
estimators under relaxed smoothness conditions on the functions that drive the bias ex-
pansion; they demonstrate that the optimal rates are determined by the kernel order only
when there is sufficient smoothness of these functions. Denote by f(z) the density of z, and
by g(x) a conditional moment of interest (e.g. g(z) = E(y|X = z) or g(z) = E(y"|X = z)
for given r > 0). Assume that the support of the density of z is {2 (a convex (possibly
unbounded) subset of R*) with nonempty interior €y and f(z) = 0 for all x € 99, where
08 denotes the boundary of Q as in, e.g., Hirdle and Stoker (1989) and PSS, 1989.

For any “smooth” function ¢ and z € RF let ¢/(z) stand for the vector (9p(z)/0x, ..,
Op(x)/0x)T, and @™ (x) denote an m! partial derivative of ¢(z) given by 9™p(x)/
(0™ zy...0™ xy), where my + ... +my = m. We follow SZW, 2010 in formalizing the degree
of smoothness of functions (), defined on some support €, in terms of the Holder space
of functions, Cy,14(2), with integer m and 0 < o < 1, where any ¢(x) € Cp1a(f2) is m
times continuously differentiable on Q with ¢(™)(.), satisfying Holder’s condition of order
a:

o™ (2 + Az) — o™ ()| < wy () Az

It can be said that v = m + « is the degree of smoothness of . Alternatively, the modulus
of continuity could be used to indicate the degree of smoothness.

In the multivariate case it may be desirable to specify different smoothness conditions
for the different components of a function, such as the density. To streamline exposition
here we abstract from that possibility and assume the same smoothness conditions for
all the components of a function. SZW, 2010 details the possible different treatment for
smoothness with respect to the different components of x; the approach there can be ex-

tended to the other estimators considered in this paper. We consider estimators that use
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the same bandwidth for all components.?

The two main high level assumptions of our estimator 0 (K, h), describing the bias and
variance, are presented next.

Assume that the degree of smoothness of the functions that are relevant for the bias
expansion of the estimator (such as the density f(z) or its derivative f’(x) and the con-
ditional moment ¢(z)) is v; see the relevant assumptions in, e.g. PU, 1999. Denote by

B(K, h) the bias of the estimator 6(K, h), E(0x(K,h) — &), and define

= min(v, v(K));

<

then in this notation for all the estimators that we consider (see Table A.1) we get
|B(K,h)| < wh”. With insufficient smoothness, the rate at which the bias of the esti-
mator goes to zero is not determined by the choice of the order of the kernel but by the
degree of smoothness of appropriate functions. We make a stronger assumption on the
bias, namely, that it is stabilized at this rate; this is the assumption made by Woodroofe

(1970) for density estimation and is also made in SZW, 2010 for ADE.
Assumption 1. As N — oo, h — 0 and h = O(N~°) withe > €, > 0
h~Pbias(dn (K, h)) — B(K), (1)

for some v > 0, where the vector B(K) = (B1(K),...Bx(K))' is such that 0 < |By(K)| < oo
fort =1,.. k.

The bound ¢, may be needed to ensure that the rest of the bias expansion converges to
zero sufficiently fast.

The assumption on the variance below differs for local and averaged estimators:

Assumption 2. As N“h?*) — oo, h — 0, for some w > 0, d(k) > 1
(a) for local kernel based estimators: there is a finite positive definite matrix (K such
that

N¢R¥®yar(dy (K, R)) — B(K)

4We do not assume, however, that the optimal bandwidth is the same for all components.
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(b) for average kernel based estimators: there exist finite positive definite matrices ¥ (K)

and Yo such that an expansion for the variance is
var(On(K, h)) = N"h~® [S,(K) + o(h®)] + N7' [Z3 + o(h®)]

Conditions that guarantee this high level assumption include the existence of various
second moments and continuity of E(y*"|r). The assumption on the variance holds for
kernel density and conditional mean estimators where the asymptotic variance is of the
form (Nh*)~'3(K) and for m'™ partial derivatives of kernel density with (NA*™)~13(K).
For the average kernel based estimators, this assumption highlights that there are two
possible leading terms. Given sufficient smoothness, averaging can yield a parametric rate
of convergence for a range of bandwidths; the non-parametric term could determine the
overall rate in the case of insufficient smoothness or poor bandwidth rate choice; even when
the parametric term dominates, the nonparametric term which depends on the kernel and
bandwidth could be important in finite sample. For example, for the ADE PSS estimator
the variance is expressed as N=2h~*+2) [$3) (K) + o(h®)] + N~ [S2 + o(h?)] .

We summarize representative results about the estimators in Table A.2 in the Appendix.
The table lists the rates of the leading terms in the AMSE expansion, the functions whose
degree of smoothness is specified as v, the optimal rate that depends on v and may differ
from standard under insufficient smoothness. As in SZW, 2010 the optimal rate is defined to
balance the bandwidth dependent part in the expression in (b) with the bias, and provides
the optimal rate when the parametric rate is not achievable because of lack of smoothness.
The optimal bandwidth is defined to have the rate N~"%) where n(v) = ﬁd(k); for the
estimators in Table A.2 w can be 1 or 2 and d(k) is k or k£ + 2. When smoothness holds,
the order of the kernel determines the asymptotic results that we list from the literature
(see, e.g. PU, 1999 or Li and Racine, 2007). When smoothness assumption is violated we
list (in the notation of this paper) the non-standard results from the KZW, 2007 and SZW,
2010 papers for density and ADE; the results for average density and for the conditional
mean are obtained similarly. Similar results were also obtained for the SMS estimator

(KZW, 2010). The general conclusion is that with insufficient smoothness the difference in
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asymptotic performance may be substantial.

3. ESTIMATION OF ASYMPTOTIC RATE OF THE BIAS

From the table we can see that knowledge of v would allow one to find the optimal rate of the
bandwidth that would give the smallest trace of asymptotic MSE. Under the Assumptions 1
and 2 ¥ can be consistently estimated; this idea was applied by Woodroofe, 1970 to density
estimation.

Denote by h, some oversmoothed bandwidth. We assume that such a bandwidth can be
obtained. For example, it would be provided by an “optimal” plug-in bandwidth computed
on the basis of v(K) rather than v; such a bandwidth would provide oversmoothing if
v < v(k); to cover the smooth case as well it could be magnified by some N¢ for a small
€ > 0. In SZW, 2010 the generalized cross-validation bandwidth was used, since it is known
to oversmooth in the ADE PSS case.

Define a sequence of bandwidths {ht}f: , such that h; = ¢h,N7 for some ¢; > 0;
0 <7, <...<~vypg where vy is such that hy = cyh,N"# — 0. E.g. for ADE if h, is given
5 +k Let 7 define a subset of all
pairs {(hy, hy), t,t' =1,...H with ¢ < t} with cardinality @Q: 2 < Q < H“)

by cross-validation that has the rate N “zo select v <

Theorem 1. Under Assumptions 1 and 2 the estimator for ©, v, given by

N N 2
2 1 2
Z(t,t')e?’ In |:(5N(K, ht) — (SN(K, ht')) :| . <ln ht — @ g ()T In ht ) (2)
- 2 )

)N CYEEED DAY

satisfies 0 — © = 0,((In N)™!). A bandwidth vector with optimal rate is consistently esti-

mated by hovt = cN—1®),

)

Proof. The proof requires comparison of the asymptotic bias and variance contribution in
the stochastic expansion of the estimator. It is essentially the same as that given in SZW,
2010 Theorem 3.3a; the only difference being that there specific v, and rate of h°P' are
used. |
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In SZW, 2010 the constants were selected close to 1 but so as to ensure a spread of

bandwidths for the given sample size.

4. ASYMPTOTIC OPTIMALITY OF LINEAR COMBINATIONS OF ESTIMATORS

It was argued in KZW, 2006 that linear combinations of estimators based on different band-
widths and kernels could provide the rate associated with the best of those estimators, where
performance is evaluated in terms of minimizing the trace of the asymptotic MSE. Linear
combinations of estimators typically used in the literature consider convex combinations;
KZW, 2006 proposed using weights of different signs in the case of insufficient smoothness
where bias is a prominent obstacle to reducing the estimation error.

To compute the trace of MSE for linear combinations of estimators in addition to the
bias and variance of Assumptions 1 and 2, covariances of the estimators are needed. The
covariances were derived for the density, SMS and ADE estimators in the respective papers
KZW (2007,2010) and SZW (2010); in this paper they are summarized in the Appendix
for the cases of conditional mean and average density as well.

SZW, 2010 gave a theoretical basis for combining estimators for the ADE: it was shown
that there exists a linear combination of kernel estimators with different bandwidths such
that it asymptotically outperforms the estimator that uses the optimal bandwidth. In the
cases of ADE and average density when there is sufficient smoothness for the parametric
term to determine the rate of AMSE, there is still an advantage in reducing the second
term in the expansion of the variance and the result would still apply to the case of a
parametric rate. For the cases of possibly parametric rates the theorem considers then the
second order (bandwidth dependent) terms in the expansion. The theorem below provides
this result in the general case; the proof in the Appendix details the general case and also

corrects an inaccuracy in SZW, 2010.

Theorem 2. Under the Assumptions 1 and 2 with v < 2, for any kernel K and given
an optimal bandwidth vector h°P! there exists a set of bandwidth vectors hi,..,hg with

hs = c¢sh®P" for ¢, > 1, and a corresponding set of weights, {as} : Zle as = 1 such that the
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linear combination, 325 | a,0x(K, h,) provides
trAMSE(YXY | asdon(K, hy)) < trAMSE (5x5(K, h)) . (3)
Proof. See Appendix. [

The proof gives a specific example of a set of bandwidths and weights that satisfy (3).
The proof of this result relies on the fact that with weights of different signs the leading
terms in the biases can be eliminated and the weights can be selected in a way that reduces
the variance. One kernel is examined in the proof; more kernels would allow for more
flexibility in the choice of bandwidths. This theorem could be modified (as in SZW, 2010)
to account for unequal bandwidths for the different components of the vector d .

The condition v < 2 in the Theorem 2 holds if K is a second order kernel, and also for
higher order kernels when bias goes to zero no faster than h2. The proof can be modified
to allow for higher v, but we focus here on insufficient smoothness when the errors from a
mistaken choice of bandwidth are substantial. It can be seen from the construction in the
proof that a larger S allows more flexibility in the choice of the constants ¢, that define the

bandwidths.

5. COMBINED ESTIMATOR: IMPLEMENTATION
The theoretical results of the previous section give guidance for selection of estimators (cor-
responding to bandwidths indicated by Theorem 2) to include into the linear combination;
in this section we discuss the issue of finding the coefficients that would minimize the trace
of estimated MSE. This requires the estimation of the biases and covariances between the

different estimators.

5.1. Bias estimation. The theorem below provides a consistent estimator for the as-
ymptotic bias. The estimator uses the difference between an oversmoothed estimator, at
a bandwidth h,, that converges at the rate h, " to the true parameter vector (Jg) plus the
asymptotic bias, and an undersmoothed estimator, at a bandwidth h,, that converges to

1
0o plus a random variable that goes to zero at the rate (N ““ha d(k)) °. The difference is
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constructed in a way that the term h?B(K) dominates the difference and thereby provides
a consistent bias estimator at h,. Define h, as h, = hevt N ¢, with max {0,(;} < ¢ < (g
where (;, = (V) — &=; (5 = n(v) and h, = hoPEN=¢ with 0 < € < g and £ = %. E.g.

k42 1
) ==

_ 2
20 / 20+k+2’ CH T 204+k+20

for ADE the appropriate choices were (; = (1 — and £ =

Theorem 3. A consistent estimator of the asymptotic bias for the oversmoothed estimator

on (K, hy) is provided by
biason (K, ho) = dn (K, ho) — o (K, hy),

with h,, h, defined above. A consistent estimator of the bias for 5 ~(K,h) with h — 0 as
N — 0o and h = O(N~¢) with € > ¢, > 0 is given by

hoh " biasoy (K, hy).

Proof. The proof requires comparison of the asymptotic bias and variance contribution
in the stochastic expansion of the estimator and is the same as for Theorem 3.3b in SZW,

2010. |

5.2. Covariance estimation. The covariances can be estimated by constructing ap-
propriately consistent plug-in estimators for the leading terms in the asymptotic expansion
of the covariances, or alternatively, by bootstrap. The Appendix provides the bootstrap
derivations for the covariances. For validity of bootstrap, standard stronger moment as-
sumptions such as boundedness of conditional fourth moments of a(x,y;) defined in the
Appendix are required: of course, when a(z,y;) is bounded as for density, no additional
conditions are needed.

Bootstrap for covariances of local estimators is straightforward; it is sketched in the
Appendix.

For average estimators, estimating covariances by the resampling bootstrap leads to a
significant bias in the nonparametric term in the bias expansion. Cattaneo et al. (2010)
demonstrated this for the ADE. Here we derive a similar result for the non-derivative-based

estimators, such as average density, average density weighted moments. For all the average
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estimators considered, the leading non-parametric term in the bootstrap estimator is three
times the leading non-parametric term of the variance of the estimator. Considering the
fact that under our assumptions this term may well dominate the variance, this bias may be
overwhelming. Of course, knowing this, we can correct by dividing the estimator by three.
Even when the parametric part dominates, since for the purposes of our analysis only the
nonparametric part matters for the trade-offs in the tr AMSE for the combined estimator,
dividing the bootstrap covariance estimators by three is appropriate. Alternatively (as in
Cattaneo et al., 2010), a bias correction would result if in bootstrap variance estimation
the bandwidth h of § were replaced by hye = S_ﬁh; this will automatically reduce the
nonparametric part by a factor of 3.

Minimization of the estimated trace of MSE provides the weights for the different esti-

mators in the linear combination.

6. PERFORMANCE OF THE COMBINED ESTIMATOR: SUMMARY OF THE EVIDENCE
In SZW, 2010 it was shown how linear combinations can automatically eliminate bias and
perform better than bias corrected "optimal" bandwidth estimators. Their simulations,

with sample size 1000, are summarized in Table 1.

Table 1: ADE - RMSE comparison.
Model | Best K/h | RMSE range, % | h*?*, K4 | Comb
(5,5) | Ka/hs 7.8 —23.4 85| 9.6
(sm) | Ka/ho 42.7 — 60.7 495 | 56.1
(m,m) | Ky/hg 67.2 —93.4 81.1| 86.9
(s,c) | Ku/hg" 44.4 — 49.9 44.4 | 46.5
(s,d) | Ko/he™ 76.6 — 153.8 103.8 | 87.2
(c,d) | Ko/he™ 47.9 — 105.4 63.2 | 69.0

Here all the asymptotic conditions of PSS are satisfied and in theory all these estimators
should be converging at a parametric rate. The models are represented by the underlying

distributions of the two regressors: s (standard normal), m (trimodal normal mixture), ¢
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(double claw) and d (discrete comb). For second-order terms a higher order kernel should
be advantageous; the result should be stable over a range of bandwidths. The wide range
of results here indicates that none of these conclusions are valid. By contrast, we see that
the estimated optimal rate is not far from the best, which is an advantage; the combined
estimator further improves where the errors are large.

For density estimation in KZW, 2007 the root mean integrated squared error, RMISE
was evaluated over a range of bandwidths and kernels. The results from their simulations,

with a sample size of 2000, are summarized in Table 2.

Table 2: Density estimation - RIMSE comparison.

Model Best K (at h9*’) | RMISE range | Comb24
%

normal Ky 24—-28 2.5

mixed normal Ky 6.5—7.1 6.5

non-smooth Ky 6.8 — 6.7 6.4

Here the error for normal mixture is much larger than for the Gaussian and is comparable
to a non-smooth example. The combined estimator using two kernels with a range of band-
widths avoids the penalty associated with the incorrect choice and provides improvements
over the best in problematic cases.

KZW, 2010 study a combined smoothed maximum score estimator. Whereas this es-
timator does not fit within the two classes of estimators considered, using the combined
estimator provides similar benefits. With a sample size of 4000 their results are presented in
Table 3. The estimator error depends very much on the selected kernel, with the 4th order
kernel f4 not always the best, and sometimes the worst. Their results reveal, moreover,
that two kernels of the same 4th order (labelled f4 and g4) may give strikingly different
results even in the smooth case despite having the same asymptotic theory. The labels of
the models which end with an H are heteroskedastic, the others homoskedastic; S stands
for Gaussian model, M for mixture of normal, and NS for a non-smooth model. The

combined estimator is often the best, or at least close to the best.



ADAPTING KERNEL ESTIMATION TO UNCERTAIN SMOOTHNESS p. 16

Table 3: SMS - RMSE comparison.

Model | Best K (at h?" | RMSE range | Comb
bias-corrected %
S 74 40— 6.0 AT
SH 2 4766 4.9
M 4 2.8 — 4.1 2.4
MH g4 1.3-26 1.2
NS f4 9.6 —14.6 10.2
NSH 4 2229 2.2

7. CONCLUSIONS

We briefly summarize our findings here. Smoothness requirements lie at the heart of asymp-
totic properties of kernel based estimators. For distributions with insufficient smoothness,
asymptotic theory may importantly differ from standard; for example; there may be no
bandwidth for which average estimators attain root-N consistency. As we show, even for
distributions such as mixtures of normals that deviate from Gaussian but still satisfy the
assumptions for asymptotic efficiency of the estimator, the estimation errors may be sub-
stantial and very sensitive to the choice of the bandwidth and kernel.

To overcome these problems we propose an estimator that takes account of the (un-
known) rate of the bias for any given kernel and combines estimators with different kernels
and bandwidths. We estimate the bias rate and optimal bandwidth rate. We demon-
strate that non-convex combinations of estimators computed for different kernel/bandwidth
pairs can reduce the trace of asymptotic mean square error relative to the optimal ker-
nel/bandwidth pair; we indicate that such combined estimators require some oversmoothed
bandwidths relative to the estimated optimal rate to trade off the leading bias terms. To
construct the combined estimator, weights that minimize the trace of estimated asymptotic
mean square error need to be found; we provide estimators for the biases and covariances
of our estimators using different kernels and bandwidths. We investigate the resampling

bootstrap estimator for variances and show consistency for the class of local estimators.
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For average estimators the resampling bootstrap exhibits a large bias that is thrice the
nonparametric term in the variance expansion (under the insufficient smoothness condi-
tions we are concerned that this term may easily be the leading one); the finding is similar
to what Cattaneo et al. (2010) found for the ADE estimator and extends their result to
other average estimators. With suitable adjustments the bootstrap variance estimator can

be used in the procedure for the combined estimation.

8. APPENDIX
We provide the results for average density and the Nadaraya-Watson estimator that confirm
that they can satisfy Assumption 1 and provide the covariances. The results for the covari-
ances can be adapted easily to allow for unequal bandwidths for the different components;

the derivations are similar to those in SZW and are omitted.

Average Density Estimator.

Consider the average density estimator:

N N N
A 5 _ T — Ty
ON(ER) = %) fem (@) = g h * DD K( N 2).

i=1 i=1 j#i

We have

xi—xj

Blw(Kl) = ntE B

= F [/ K(u)f(z; + uh)du} = E(f(z)) + h"B(K) + o(h")
and the covariance is provided in Lemma 1.

Lemma 1. Under Assumptions 1 and 2, if hy — 0 and N?h* — oo for s =1,.., S, the
covariance of 5N(Ksl,hsl) and 3N(K52,h32), Ly, 50, for s1,80=1,..,5 is

F81782 = NﬁZh;gk (21<K517 Ksz? h81> hsz) + 0(1)) + (22 + 0(1>) N71>
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with

E1<[(517 K327 hS17 hsz) =2F [f(xl)] KZZ(KSU K327 h817 hsz);

hs
Ro( Ky, Kgy, hgyy hsy) :/Ksl(u)K82(uh—l)du; and
52

Sy = 4E [(f(2:) — Ef(:))*] -

Conditional Mean Estimator.

Consider the Nadarya Watson Kernel regression estimator:

A o o, KCS2)Y,
b, h,x) = () = AL
WZi:1 K( “h )

Following the notation in Li and Racine, 2007 (page 61),

() — alg) = I —g(@) flz) _m
g(x) — g() ) o) i

where

E(i(z)) = b

(x +uh)(g(x +uh) — g(x))K(u)du} = h"B,(K,x) + o(h")
E(my(z)) =

we have E (§(x) — g(x)) = h"B,,(K,z)/f(z) + o(h¥) and B(K,z) = B,,(K,z)/f(z). The

covariance is provided in Lemma 2.
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Lemma 2. Under Assumptions 1 and 2, if hy — 0 and Nh* — oo for s =

covariance of 5N(Ksl,hsl) and 5N(K82,h52), Ly, 59y for s1,80=1,.,5 is
g6 = N_lhs_zk (Zl(KSU Ky, hsy, h82) + 0(1)) )

with
o?()
f(z)

hs,

52<K317K527hs17h82) :/KS1(U)KS2<uh_
52

Y1(Kyy, Kgyy hsy s hsy) = ko(Ks,, Ks,, hs,, hs,); and
)du.

Tables.

p- 19

1,..,5, the



20

ADAPTING KERNEL ESTIMATION TO UNCERTAIN SMOOTHNESS

"019z WOy pajeredos ST I0JRUIIOUDD O} JeY) INSUL 0} JYSIOM © 0 PN ()M (SIOYMOS[O PUR) QI

1£L0 Hls
i) 5 (1) N N = Mg (30011pUI) ND JO "AD POYSIOAN A3ISTUO
v (€ c S#SL (14 -)a
BTASVQASV e )3 (1) Qmw HW =40 (30011put) N JO SAIJRALI(]
ﬁmm =
()9 — ] (@) o) () 5 (1 ec UEON | — b (199P) N JO OATIRALI(
ﬂmm HI@
M _(fx)lo(fz)m (b)) My Y N N (=N zvz = fndg JUOWIOW [RUOT)TPUO))
Y ﬁSL 1-N)N zvz Ia
(757 () M (uteg)—Y N N = iy £91SUS(] JO SATYRALIO(] [RIIIR]
ﬂSL =N zvz
(7t ) (1)~ mw mw = Ja ¢ AYISUS(J JO QATYRALId(]
ﬂmil (I-NN ZVZ
(7t ) My mw mw = /g Aysua(q
98RIOAY

v

()%

=2

~

gwm; ﬁ\AHv%%AHvSARM\@RV\V&QLED\Q N %

ifi(7=

1) 5y zmz

D JO eATyRATIS(]

D PoSIom ASud(]

(z)
(z)
i () o(z)m(5tm) My YK | = (%)% (D) yuemowt [euonIpuo))
(72) () M () g KT | = ()¢ AYISUO(] JO SATYRALIS(] [BI}IR]
(7= 7). M (1) iN Tl = Aav%m AYISUS(T JO QATYRALID(]
(7= Navv? Y ZNZ = @Km Lysuo(q
200

(4 31)NQ

Ioyewn}sy

"SIOJRUIIISO POSe( [PUIDY OSRIDAY PUR [RIOT] 'Y 9[qe],




21

ADAPTING KERNEL ESTIMATION TO UNCERTAIN SMOOTHNESS

(0T°MZS)
(e+y) -z NPl USIN
(D)o + ON'X) @ra)-Ye-N = (666T ‘Nd) RN+
“ Amt\m%m\»\/:g AHV\\
(4 ‘31)¢)+wa 10 =N O%eI IS ) O1)'Rga)-Ye-N+ R
= qdo
“ugl YRl HSIN URISSTIRY) <= LONG (1) agtl
(D% + (1) )y = %0 — (Y 3)¢
YN
y—Yz— N:0¥eT TSN
(Do + (M)'R) y-Ug-N = -
-
((y 31)¢)4wa 10 N YRl HSIN (x222_N)O Ot (2)f
‘Y YRl HSIN ueIssner) <= = a0 o) &A w Ansua( SAY
LODa O g
(D% + (n)e)ay = 00 — (4 31)¢
YN
(666T ‘Nd)
agtl P¥er SN JR— (22 _N)O (DR -(yYN)+ (z)6(2)f
4+(1)aog .
(D)% + (1)e)att = %0 — (4 31)¢ gﬁﬁmms@w ~ = L0l LD | wed [ Puo)
(L0‘MZT) (6661 ‘Nd)
(xtes_N)O O (yUN)+ ()
mmﬁ\ 9%el1 mmz y+(51)ag \»Z« o%el mmz
(e = 1doY &Cbmﬁ.ﬁmmﬁﬁ Aysua(q
(D)% + D)oy = %0 — (4 °31)¢ URISSIEY) <=
uorpdwnsse ssou
((31)2) ya0=4 ((51)2) 3a04=1Y (@)2a0y=Y -ﬁoaw:m ur suorjouny
joouwrs uou yjoouwrs 97ea ewrjdo swIe) JSINV ¢ pojewnn)sy

SOYRI ISINV GV OldRL




ADAPTING KERNEL ESTIMATION TO UNCERTAIN SMOOTHNESS p- 22

Proof of Theorem 2.

To provide a proof it is sufficient to give a set of bandwidths and a corresponding set of
weights, such that the leading bias terms will cancel out and the variance will not inflate.
Consider each ¥ component of ) ~ (K, hs) separately and suppress the subscript i.

We start by finding for any given set of bandwidths, h,, s = 1,...5 the weights, a,, such
that they sum to one, eliminate the leading bias term and give a vector with the smallest
norm.

To do this solve
min ©%_ a2, subject to £5_a, = 1; £9_a,h? = 0, (A1)

noting that ¥%_,a,B;(K)h? = 0 implies ©%_,a,h? = 0. Denoting h? by b,, the Lagrangean
is
¥2 a2 = N85 ja, — 1) — 025 _a.b,.

5_

From the FOC, we obtain

2 — 25%a? 1
A= 2ECL§,9 = E—bsas, and as = 5()\ + Hbs)
Denoting Ya? by a, we obtain a, = o+ %bs. By squaring and summing a, for s = 1,...5,
we get
2 ) 202
a=Sa”+2a(l — Sa)+ (1 - Sa) 5.
(Zb)

This quadratic equation for a has a root of % as a solution to the FOC, the other root

ZE - this provides the general form for a.

15 0= Sor—(5b)%

With such weights the trace AMSE of a linear combination reduces to the trace of the
asymptotic variance of the linear combination, that includes the covariance terms. Denote

5 ~N(K, hg) by ds, by By the it" diagonal element of the N ~“¥(K) matrix in Assumption
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2(a) or of N™“%;(K) in Assumption 2(b), whichever is appropriate.

S

s . & o
tr(Avar(Z asds))= Z as, s, Z Acov(dy, 5,05,
s=1 51,52 i=1
S k R .
S 281 o ‘a51&52’ Z ‘ACOU(dSl’i, 682,1’)
S A
Z |asla/82| Z max A'UCL’I"((SS )Z
81,52 i=1j=1,2
5
- Z las, as, | maX h Z pOP
51,52
—d(k)
° k o\ —d(k)
= 281,82 196123 ( =1 1(2nzm1 kcsjﬂ) Zz’:l (1) i

—d(k) g
< (min csﬂ) Sa - tr (Avar5 Y )

IN

- 8,0

Here the second inequality is the usual bound for covariance via variances, then Assump-
tion 2 for the variance is used. The values of the selected bandwidths (csjvihfp t) =hg;,j =
1, 2 are substituted: note that the optimal bandwidth has components with the same rates
but may vary in the constant since B;(K) may differ for different ¢, so ¢, 1h0p =csq1h?™; t ¢

bound we use the smallest of all the ¢,;. Then we also use the bound
2y1/2 2\1/2
ESSI so=1 |a31ia52i| S S (Zfl so=1 a’517;| ) (2;91 so=1 CLs2i| )
= Sa'?a'? = Sa.

b2
SYb2—(Ths)?

that there exist ¢,; such that

Recall that a = Superiority of the combination will follow if we can show

Y2

8,0

S¥e2y — (Ecgvi)z

(minc, ;)" s <1.

Suppose that A" is the largest among the components of the optimal bandwidth. Then

Cs,1 is the smallest among c,; for a fixed s. Then it is sufficient to show

2025
(min ¢, ;)" S e
S¥elf — (Ecg,l)

Equivalently, (dropping the subscript 1)

((min ¢,) 7% — 1) S8 4 (2c2)? < 0. (A.2)
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This is monotone in d(k) and d(k) > 1. Thus (A.2) would hold for any d(k) as long as it
holds for d(k) = 1. Thus set d(k) = 1; define ¢, = (1 + )", & > 0. Then

(mineg) ™' —1) = (14 2)"v —1=—e(z,v) <0 for v > 0;

. R (142)25-1
£5,c = B8, (1 + ) = (1 + a2l

- x)S— z)S—
5 =% (14+a)=(1+ x)% = (14 o)l

Substituting these expressions into (A.2)) yield

g —e(e)Se((1+2)5 —1) ((1+a)5 +1) +(2+2)((1+2)5 1)

(]' + I’) z2(z+2)
—e(z,0)Sz((14+2)S+1)+(z+2)( (1+z)5 -1
= (e (1) —1) (o))t ).
)25 25117
With z > 0, and denoting x(z,v,S) = —e(z,v)S(1 +x)2% +(1 —i—x)Qw, we

need to prove k(zx,v,S) < 0. Equivalently, we show
—e(z,0)Sz (1 +2)° + 1)+ (2 +2) (1 +2)° — 1) = &(z,v,5) <0
with &(z,v,S) increasing in v :

g—g = %m(mr 1) (z+1)"" Sz [(1+2)%+1] > 0.
For v = 2 we get e(z,v) = 1 — (1 4+ 2)"2 and for &(z,v,5) to be negative, we need
(z+2)[1+2)°-1] < (1 —(1+ x)_%) S [(1+2)®+1]. This inequality will be true if
r+2<z (1 - (l—l—x)_%) Sy orS > % For example, for z = 2,5 = 5.

This demonstrates that for any kernel there exists a set of bandwidths that in a

linear combination removes the leading term of the asymptotic bias while reducing the

variance. |

Bootstrap for the covariances.

Here we sketch the results for the bootstrap estimators. In the case of local estimators,
bootstrap estimators of the covariances are straightforward and suitable for obtaining the
weights for the combined estimator. The averaged case presents some extra problems. It

was examined in detail for ADE by Cattaneo et al. (2010), who have shown that in that
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case the bootstrap estimator for the bandwidth dependent part of the variance is biased.
Here we consider some of the other averaged estimators, e.g. averaged density, and indicate
that similar results hold.

First, note that it is sufficient to examine variances.

Due to the linear structure of local and average kernel based estimators, a linear com-
bination of such estimators, a,0(Kj,, hy) + a20(Ky,, hs), can be represented as yet another

estimator, dy(K, h). Consider hy,/hy, = d; hy, = h, then for a16(K,,,h) + as0(K,,,dh)

write
hsz K82( h52 ):h d Ks2(d h )Zh KS2( h )7
similarly, for derivatives, e.g.,
h;2(k+1)K22(a:ih: :c) _ h_(k+1)d—(k+1)K;2(d—1$)

T;i— X

)

—(k+1) 1
h (+)K;2(

where K, (w) = d*K,,(d " w). Then linear combinations a;6(Kj,, h)+azd(K,,, dh) become
Sn(K, h) for K = a1 K, + asK,,.

This means that in order to prove validity of bootstrap for covariance we only need
to prove validity of bootstrap for the variance vard ~(K,h ) for kernels and estimators
that satisfy assumptions; the covariance cov (5 N(EKs, hsy), 08 (K., h82)> can be expressed
as 2uardy (K, h) — : [varsN(Ksl,hsl) +UQTSN(K52,h52)} where K = 1 (K,, + K,,) is a
kernel that satisfies assumptions on the kernel with order that is the lower of the two.

The subscript by N denotes the moments of the empirical distribution.

We consider the bootstrap variance in the following three settings.

I. Density, density weighted conditional moments at a point.

A

o; = o1(x) = N'Sia(z, y)h *K (xZ _ I) :

h

where for density a(x,y;) = 1, for density weighted conditional moment a(z,y;) =

y'. For conditional moment a(z,y;) = +—y' and would require dealing with the

f(z)
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denominator; here we abstain from the estimation of a possible denominator, which

vanishes when density weighting is used.

IT. Order m derivatives of density, density weighted conditional moment at a point.
Define for any vector of integers (p) = (p1,...px), P1 + ... + px = p, the operator 9P
applied to a differentiable function ¢(z) as 0P q(z) = ~—=Z=—rq(z). Then

Bxfl...awzk q

811 = 811(35): Z 81[,(m);

all (m)

5 - - m m Ty — &
Orr,(m) O11.(my(7) = N7 Sa(z, y;)h~*FTmol )K( ) 7

h

where for density a(z,y;) = 1, for density weighted conditional moment a(z,y;) = yI.

ITI. Averages. Write each of the estimators in I and II as Ei&»(x), then the average

1
N
estimator is
. 1 N .
Orrr = mzjzlz#ﬂsi(%)-
In the following we restrict ourselves to looking at moments under the empirical distri-

bution since the discrepancy with the bootstrap estimated moments can be controlled by

suitably choosing the number of bootstraps.

Case I. Consider the bootstrapped estimator defining ;= h=*a(x,y;) K (u) :

h
A 1 < 1 Tix —
= —%N_ 0 ==%N_ 7" K| =
6] N A :1(5 N i Zlh’ a(x7y ) ( h )
and denoting a(z, y;) by a;, K (*-2) by K;
o Lon
(51 = NEi*:lh ai*Ki*.
Then
5 L o —k Lon —k
EN5[ = NZi*:lENh a’i*Ki* = NEiZIh a/iKi (A3)
1

- Nﬁf\;l& — 5]
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Next consider the empirical variance of our bootstrap estimator:
% ~%2 Ak 2
varyd; = Eno; — (EN(51> .

Clearly

A% A2 A A
_ -2y N -2y N N

Taking the empirical moment of the first term on the right hand side yields

R 1
Ex(N7SN_b) = [ﬁzﬁ_lEN(h—%a?*Ki)
1
= mZij\ilh_%a?Kf.

Similarly the second term yields
—2y2"N N % % _ n-2yN yN 33
En |N Ei;:12i3¢i;5i{5i§] = N Zflﬂzlxi;;&i;EN((Si{(Si;)
1 A
—2y2"N  yN N N
= N Zi“{zlzigyéi*fN22i1:12i2:1(5i15i2)

- Tm2i1:12i2=15i15i2

So combining

Ak 1 1 /\2
varno; = mEﬁiﬁ”’“a?Kf — N{S[.

Next, compute expectation EvarNEi;:
ok 1 .
Bvaryd; = N W B(h*a2K?) — NE(&?),

where

- 22 - 2 %
E(0;) = E(NT?ZY,0; + N72S)_ %Y 04,05,)
20 N(N—=1) -«
= N IE((S")JFTE@)Q
N(N -1 2

— NE(aK?) + ) [B(h+aK)]

= N 'hWPE(h*a?K?) +

(A.6)
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Thus substituting into (A.7) we get

Evaryd; = N 'hW*E(h*a?K?) +O(N™)
= N 'WF[EBE(ha?K?) + o(1)].

The expression for the variance vard; is

A ~2

var(d;) = (E((S

)

)~ B(6;)?) N

— N'WFE(hFa?K?) — NV [E(h R K]
= N7'WFEMWd?K?) +o(1)].

Thus
NhF )'UGTS[ — EvarN(AS;‘ = o(1).

Next, we show that the empirical (and bootstrap) variance estimator is consistent for

Ak A
the variance, in other words, we show that NA* ‘var NO; —vardy| converges to zero in prob-

ability. Indeed Nh* vard I — EvarN(AS; )

UarNSj — var&‘ < Nhk|varN5j—EvarN5j|+Nhk

By Chebyshev’s inequality for any ¢ > 0

Pr(NR" ‘varN(AS; — vard;| > ¢)

< Pr(NA* ‘UGTNCAS; - EvaTNcASj‘ >¢e— NA* ‘EUCLTN(A;; — vard;|)

< (Nhk)2 [var (varmﬁ)}

(a—Nhk |EvarN5;—varS] | )2

< Zl(]i—zkf [var (UCLTN(AS;>i| ,

where we consider N large enough that Nh¥ )EvarN(ASj — vard 1‘ < 5 for the last inequality.
Now all that is needed is to evaluate the order of the terms in (N hk)QvaT (vaerS;)
and show that they go to zero.

Using the expression in (A.6) with §; for brevity we can derive var <varN5j>

var (varN(AS;) = N °(N - 1)%@7‘(3?) + 2N7%(N — 1)war(8;0,) (A.8)
FAN TSN = 1)(N = 2)cov(Bidy, 5idin) = AN(N = 1)2cou (5, 5:d)
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which yield
N73(N —1)?var(h"*KZ2a?) + 2N (N — V)vary 4, (h"* K;, Ki,a;, ai,)
—4ANT(N = 1)%covy, 4, (KK 0}, h 2 K, Ky ai, a5,)
FAN (N — 1)(N = 2)covi, iy zis (W2 Kiy Kiyai aiy, h 2 K Kiyai,az,)
= O(NZPh P4 N 4 N2 4 N72h7%) = O(N°h=2").
The orders follow after noting, e.g., that var(h=?*K2a?) = O(h~3F).
Substituting now into the Chebyshev inequality we obtain that the empirical variance

converges in probability to the leading term in the variance.

Case II. The only difficulty comes from extra weights h™™ that will enter the appropriate

rate; the rest of the derivation is similar to I.

Case III. Consider the average estimator that is based on I: 5 I = mzﬁlzj#&,j,
where 6, ; = a(z;, y;)h K (22) .
Recall that the second moments for the estimator are as follows:
Ebyy = e B S S0 b 60 g
AR (52]‘ + 5i,j31,z’>
o | I TS s B (Sm‘gm' + 05,4071 + 0440150 + Sj,igj'ﬂ‘)
AN 54D D 221504500 g
N(N = 1)ES, , + N(N = 1)Ed, ;3;;
e | ANV = DN = 2) (Bbibiy + Bbigdyi+ Ejdiy + Bbjidys)
P\ N - (v -2V - 8) (B5,)
and
. B8, + Ed;;0;; — 2(2N — 3) (E&-,j)z
vardy = m ) (A~9)

2
o N o 2 N A N N

using vard;;; = E(ﬁn — (E(SIH) = E(ﬁn — | Eé;j | . Since E6;; = O(l),Eéij =
o o i#j i#j i#£j

O(h™%), Eé; ;6;: = O(h™%), b, ;6,4 = O(1), etc., the leading non-parametric term of the
i) i
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variance is N 2 (ngj + E&JES],) = O (N2h™"%) ,whereas the leading parametric term is
.. . o o N2
N1 <E5i,j5i,j, B8y + Bdjibig + B8jiby — 4 (Eb;) ) — O(N7Y).
Consider now the bootstrapped estimator for Case I11

Ak 1 A~
011 = MN—_DEZJ'Y:@J'*#*@*J*E*J‘*»
where [;+j» = I(x;+ # xj+). Note that it excludes combinations of observations for which

Ty = 0.0

Exd)y, = Ex (&-WJW) — N2N SN 5Ly = N72SN 8605 = 5215, for the

i
original sample, [;; = 0 iff i = j.

Thus, EN(AS;H is the original full-sample estimator, ) 111, up to the multiple (1 — %)

sk k2
Next consider the empirical variance of the bootstrap estimator: varyd;;; = End;;; —

<EN8;H> g

~*2 ~ ~
We have EN&III = ENZgzlzj*¢i*E%:1zj/*7£i/*5i*,j*5’i/*,j/*Ii*j*[i/*j/*

1
NZ(N—1)2

D 1Bz En <512] + 52‘*73'*3]'*71'*) Linj
e | AN S S (52-*7]-*82-*,]-,* I SR SRR S S 8j*7i*8j,*,i*) Lo je Ly
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IAEPIHIY <83,j + 5i7j5j,i>
= 3o | AN UN = DB S (Bibi + Bigbii + 8iibig + 85085,)
+N2(N = 2)(N = 38X, 2520 Srsindi 00

I
_l’_

SFor ADE this happens automatically for a symmetric kernel since then K’(0) = 0, but for average

density this is not the case and I;=;- is needed.



ADAPTING KERNEL ESTIMATION TO UNCERTAIN SMOOTHNESS p. 31

and

~A%2

sk N 2
varydy; = En0pp— (NfQEi]ilEj#iéi,j)
~2 PN
VAR YIR <6i,j + 5z',j5j,z‘>
= wov=p | TN TN = 2)8 58 ((5”(54,]-/ +0ij051i + 004 + 5j,i5j',i>
—2N2 (2N — 3) EfvzlEmeY 1 /#y(g 5 i’ 5!

—

Similarly to vardy;; in (A.9) we express varNcAS;H using non-overlapping indices in the

multiple sums:

AP (5? + Sijga‘i>
FNUN = 258, B (G815 + i + 804

~

NN = 2)8Y 50 rsi (5135 /65307

—_

A~k

N3(N—
T —aN 2 N = 3) S S (84 6usb)
—2N_ ( )Ez 12”,512 i1 ((51 jé a5’ + (5 5 + Sj,igi,j’ + Ajﬂ'Sj/’i)
—2N"2 (2N — 3) SN 5 022D sirzjri0i 100 g

(3N2 — 8N +6) SN, %, ; (8; +6; jc%ji)
= o | PN = 6N +6) XL Nk, (51]5 i+ 0; ,J‘SJ i+ 53, 0; ig T 5
—2 (2N — 3) BN 5o S St di O g

—_

o,.>
v

Consider next the convergence of each term to the corresponding one in vard;.

For example,
NV St S (53,3' + 32’4‘&'&)
has expectation
_2[E3ij + Ed; 505,
where [E8123+E82]S]z] = O(h™*) while the variance of this term is O(N ~6h=3%)+O (N ~5h=2k);
by Chebyshev’s inequality this term converges to the corresponding term in the variance.

Similarly, convergence can be shown for other terms.
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Note that the expected value of UCLT’N(AS; 17 18

_3) (E&,jf

(N =2)(N
+85)

~

E(UCLTNE;;H): % e (5 N 28] i7j/+3 01 J)rg i0ij

i#i#i" \ + (N> = 6N +6) (N —2)

mw

Although the leading parametric term here is the same as in vard;;;, the leading non-
parametric term is three times the leading non-parametric term of vard rr7- Thus the

bootstrap estimator is biased for the bandwidth dependent term. [ |
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